We consider the problem of determining the unknown term in the right-hand side of a second-order differential equation with unbounded operator generating a cosine operator function from the overspecified boundary data. We obtain necessary and sufficient conditions of the unique solvability of this problem in terms of location of the spectrum of the unbounded operator and properties of its resolvent.
Introduction
In a Banach space E we consider the differential equation In this paper, we obtain necessary and sufficient conditions for the unique solvability of the problem (1.1)-(1.3) based on the only assumption that the operator A generates a cosine operator function. We extend on the second-order differential equations the results obtained in [2] for equations of the first order. We use here results and method of the paper [1] devoted to the spectral properties of cosine operator functions.
We assume that the operator A is a generator of a cosine operator function C(t). Such operator is closed, its domain D(A) is dense in E, and the resolvent set of A is nonempty (see [3] ). In the sequel we denote by R(λ;A) the resolvent (λI − A) −1 of the operator A. We also assume that the other data of the problem satisfy the conditions
, where E 0 is the subspace of all vectors u such that the function C(t)u is continuously differentiable; [5] ) that the unique solvability of the problem (1.1)-(1.3) implies the estimates for the solution (v(t), p) in the corresponding norm.
The numbers 
Recall that a series ∞ n=1 a n , a n ∈ E, is said to be Cesáro summable if there exists the limit
and a double series ∞ n=−∞ a n is said to be Cesáro summable if there exists the limit
Proof. The conditions on the data v 0 ,v 0 , f (t) yield (see [3, pages 35-36] ) that the Cauchy problem (1.1)-(1.2) has a unique solution given by the formula
where C(t) is the operator cosine function generated by the operator A and S(t) is the associated sine function. Using the boundary condition (1.3) we conclude that the problem Y. Eidelman 999
3) is equivalent to the operator equation
where
The problem ( At first we derive some relations with the operators B and
(s)x and the fact that A is closed we have
and hence
Since A is closed and D(A) is dense in E, the last equality is valid for any x ∈ E. Next we have
Subtracting (1.13) from (1.15), we obtain (1.11). Moreover, from the formulas (1.11), (1.13), we obtain
Next we check the equality
and therefore
( Next, by virtue of the relations (1.22) and (1.19), we obtain
is a continuous function. From here in the same way as above we conclude that the series ∞ k=1 AR 2 (µ k ;A)x is Cesáro summable for any x ∈ E. Assume that every characteristic number µ k , k = 1,2,..., is a regular point of the operator A and for any x ∈ E the series
Following the method of [1] , define on the subspace D(A) the operators Q, P via the relations
(1.31)
Define the operators Q k , P k via the relations
(1.32)
By virtue of (1.16) we obtain
and using (1.22) and (1.19) we get
By the vector version of Fejér's theorem, we have
Using the relations Q 0 = (1/t 1 )B and (1.33) we obtain
and by virtue of (1.35) we conclude that
Next we have
for x ∈ D(A) and since the operators P 0 , B are bounded, we get P 0 x = (2/t 1 )Bx for any x ∈ E. Thus by virtue of (1.34) we obtain
and by virtue of (1.36) we conclude that 
From here using the estimates (see [3] )
Assume that E is a Hilbert space and every characteristic number µ k , k = 1,2,..., is a regular point of the operator A and
(1.45)
As was shown in [1] , condition (1.45) implies that the sequences of the partial Cesáro sums
are bounded for any x ∈ E. Hence in order to prove that the series
k=1 AR 2 (µ k ;A)x are Cesáro summable for any x ∈ E, it is enough to check this assertion for the elements from the dense subspace D(A). Let λ 0 be a regular point of the operator A with Reλ 0 > 0. For every z from D(A) we have z = R(λ 0 ;A)y with some y ∈ E. Using the resolvent identity we obtain 
